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Abstract. We classify the biharmonic Legendre curves in a Sasakian space form, 
and obtain their explicit parametric equations in the (2n + l)-dimensional unit 
sphere endowed with the canonical and deformed Sasakian structures defined by 
Tanno. Then, composing with the flow of the Reeb vector field, we transform 
a biharmonic integral submanifold into a biharmonic anti-invariant submanifold. 
Using this method we obtain new examples of biharmonic submanifolds in spheres 
and, in particular, in S 7 . 



1. Introduction 

Biharmonic maps between Riemannian manifolds <ft : (M, g) — ► (N, h) are the 
critical points of the bienergy functional £?2(0) = \ J M | T (<A)| 2 v g- They represent a 
natural generalization of the well-known harmonic maps ([8]), the critical points of 
the energy functional E((f>) = I J M \d(j)\ 2 v g , and of the biharmonic submanifolds in 
Euclidean spaces defined by B.-Y. Chen ([7]). 

The Euler-Lagrange equation for the energy functional is t{4>) = 0, where t(0) = 
trace Vd(ft is the tension field, and the Euler-Lagrange equation for the bienergy 
functional was derived by G. Y. Jiang in [14J: 

r 2 (0) = -At(» - trace R N (cbf>, r(</>))# 
= 0. 

Since any harmonic map is biharmonic, we are interested in non-harmonic bihar- 
monic maps, which are called proper-biharmonic. 

A special case of biharmonic maps is represented by the biharmonic Riemannian 
immersions, or biharmonic submanifolds. There are several results of classification 
or construction for such submanifolds in space forms ([15j. [5]). Then, the next 
step would be the study of biharmonic submanifolds in Sasakian space forms. In 
this context J. Inoguchi classified in [13] the proper-biharmonic Legendre curves and 
Hopf cylinders in a 3-dimensional Sasakian space form M 3 (c), and in [11] the explicit 
parametric equations were obtained. Then, T. Sasahara and his collaborators stud- 
ied the biharmonic integral surfaces and 3-dimensional biharmonic anti-invariant 
submanifolds in S 5 ([I], [T7]). 

Recent results on biharmonic submanifolds in spaces of nonconstant sectional 
curvature were obtained by T. Ichiyama, J. Inoguchi and H. Urakawa in |12j . by 
Y.-L. Ou and Z.-P. Wang in [IB] , and by W. Zhang in [20] . 
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Biharmonic submanifolds in pseudo-Euclidean spaces were also studied, and many 
examples and classification results were obtained (for example, see [2], [7j). 

The goals of our paper are to obtain new classification results for biharmonic 
Legendre curves in any dimensional Sasakian space form and to provide a method 
for constructing biharmonic submanifolds. In order to obtain explicit examples, we 
use the (2n + l)-dimensional unit sphere § 2n+1 as a model of Sasakian space form. 

For a general account of biharmonic maps see [15] and The Bibliography of Bi- 
harmonic Maps [18]. 

Conventions. We work in the C°° category, that means manifolds, metrics, con- 
nections and maps are smooth. The Lie algebra of the vector fields on M is denoted 
by C(TM). 

2. Preliminaries 

2.1. Contact manifolds. A contact metric structure on a manifold N 2n+1 is given 
by (<p,£,ri,g), where ip is a tensor field of type (1, 1) on N, £ is a vector field, rj is 
an 1-form and g is a Riemannian metric such that 

g(ipX,ipY)=g(X,Y)- V (X)r,(Y), g(X,<pY) = dq{X,Y), VX,Y G C(TN). 
A contact metric structure {ip, £, n, g) is called normal if 

N v + 2dn ® £ = 0, 

where 

N V (X,Y) = [tpX,(pY\-ip[tpX,Y\ - ip[X,ipY] + p 2 [X,Y], VX,Y G C(TN), 
is the Nijenhuis tensor field of ip. 

A contact metric manifold (N,ip,£,r],g) is a Sasakian manifold if it is normal or, 
equivalently, if 

(V X <P)(Y) = g(X, Y)£ - r)(Y)X, VX, Y G C(TN). 

The contact distribution of a Sasakian manifold (N,(p,£,r],g) is defined by {X G 
TN : w(X) = 0}, and an integral curve of the contact distribution is called Legendre 
curve. A submanifold M oi N which is tangent to £ is said to be anti-invariant if ip 
maps any vector tangent to M and normal to £ to a vector normal to M. 
Let (N,ip,£,r],g) be a Sasakian manifold. The sectional curvature of a 2-plane 
generated by X and ipX, where X is an unit vector orthogonal to £, is called ip- 
sectional curvature determined by X. A Sasakian manifold with constant 99-sectional 
curvature c is called a Sasakian space form and it is denoted by N(c). 
The curvature tensor field of a Sasakian space form N(c) is given by 

R(X, Y)Z = ^{g(Z, Y)X - g(Z, X)Y} + 9^ { ^z)r,(X)Y- 
(2.1) -n(Z)r,(Y)X + g(Z, X)n{Y)i - g(Z, Y)rj(X)£+ 

+g(Z, V Y)ipX - g(Z, V X)pY + 2g(X, ^>Y)ipZ}. 

Let § 2n+1 = {z G C n+1 : \z\ = 1} be the unit (2n + l)-dimensional sphere endowed 
with its standard metric field go . Consider the following structure tensor fields on 
g2n+i. ^ Q _ _2z for each z G S 2n+1 , where X is the usual almost complex structure 
on C n+1 defined by 

lz = (-y\...,-y n+1 ,x 1 ,...,x n+1 ), 
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for z = (z 1 ,... l x rH - 1 ,i/ 1 ,...,y n+1 ), and tp = sol, where s : T z C n+1 -» T 2 S 2n+1 
denotes the orthogonal projection. Equipped with these tensors, § 2n+1 becomes a 
Sasakian space form with (^o _sec tional curvature equal to 1 ([3]). 
Now, consider the deformed structure on S 2n+1 , introduced by Tanno in [13], 

V = a V0: £ = -£o, f = fo, 9 = ago + a(a - 1)770 <8> Vo, 
a 

where a is a positive constant. The structure f], g) is still a Sasakian structure 
and (§ 2n+1 , ip, £, 77, g) is a Sasakian space form with constant 92-sectional curvature 
c=J-3([l]). 

2.2. 3-Sasakian manifolds. If a manifold A~ admits three Sasakian structures 
(<Pa,€a,Va,g), a = 1,2,3, satisfying 

= -Va^fe + % ® £a = WPa ~ Va ® 
£,c = -tPaZb = <Pb£a, Vc = -rja ° fb = Vb ° fa, 

for an even permutation (a,b,c) of (1,2,3), then the manifold is said to have a 
Sasakian 3-structure. The dimension of such a manifold is of the form 4n + 3. We 
note that the maximum dimension of a submanifold of a 3-Sasakian manifold _/V 4ra+3 
which is an integral submanifold with respect to all three Sasakian structures is n. 

3. BIHARMONIC LEGENDRE CURVES IN SASAKIAN SPACE FORMS 

Definition 3.1. Let (N m ,g) be a Riemannian manifold and 7 : I — > N a curve 
parametrized by arc length, that is |7'| = 1. Then 7 is called a Frenet curve of 
osculating order r, 1 < r < m, if there exists orthonormal vector fields E±,E2, ...,E r 
along 7 such that 

' Ex = i = T 
VtE± = K1E2 
V T E 2 = -k\Ei + ' 

X7j<E r = —K r —\E r —\ 
where rei, re r _i are positive functions on /. 

Remark 3.2. A geodesic is a Frenet curve of osculating order 1; a circle is a Frenet 
curve of osculating order 2 with K\ = constant; a helix of order r, r > 3, is a Frenet 
curve of osculating order r with K4, re r _i constants; a helix of order 3 is called, 
simply, helix. 

Now let (N 2n+1 ,ip,^,rj,g) be a Sasakian space form with constant (^-sectional 
curvature c and 7 : I — > N a Legendre Frenet curve of osculating order r. As 

V^T = (-3k 1 k' 1 )E 1 + (k" - re? - reire 2 ,)^ + (2re' 1 re 2 + kik/ 2 )£ 3 

(3.1) 

+ reiK 2 K 3 -E4 

and 

(3.2) VtT)T = -^±^E 2 - 3{c - 4 1)Kl g(E 2 , V T)^T, 
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we get 

r 2 ( 7 )= V^T - i?(T,V T T)T 
(3.3) = {-3k 1 k[)E 1 + (k'1-4-k 1 kI + ^^^E 2 

+ (2k' 1 K2 + K\K 2 )E 3 + KiK2^3 

In the following we shall solve the biharmonic equation r 2 (7) = 0. The problem is 
to find the relation between ipT and the Frenet frame field. The simplest two cases 
are provided by 3{c ~^ Kl g(E 2 ,cpT) = 0. So, 
Case I: c = 1. 

In this case 7 is proper-biharmonic if and only if 

Ki = constant > 0, k 2 = constant 

< k\ + k 2 = 1 
k 2 k s = 

One obtains 

Theorem 3.3. If c = 1 and n > 2, then 7 is proper-biharmonic if and only if either 
7 is a circle with K\ = 1, or 7 is a helix with k\ + k 2 = 1. 

Remark 3.4. If n = 1 and 7 is a non-geodesic Legendre curve we have VyT = 
±kiv?T and then E 2 = ±ipT and V T E 2 = ±V T ipT = ±(£ T = -k x T ± £. 

Therefore fi 2 = 1 and 7 cannot be biharmonic. 

Case II: c / 1, E 2 _L ipT. 

In this case 7 is proper-biharmonic if and only if 

K\ = constant > 0, k 2 = constant 

< k\ + K2 = 
k 2 k 3 = 

Before stating the theorem we need the following 

Lemma 3.5. Let 7 be a Legendre Frenet curve of osculating order 3 and E 2 _L 92T. 
Then {T = E\, E 2 , E3, ipT, £,Vtv?T} are linearly independent, in any point, and 
hence n > 3. 

Proof. Since 7 is a Frenet curve of osculating order 3, we have 

' Ek=i = T 

V T Ei = K\E 2 

< 

V T E 2 = -K1E1 + k 2 E 3 

VtE 3 = -k 2 E 2 
It is easy to see that, in an arbitrary point, the system 

S 1 = {T = E 1 ,E 2 ,E 3 , ipT, £, V T ^T} 
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has only non-zero vectors and 

T ±E 2 , T _L £3, T _L (pT, T _L f, T _L V T ^T. 

Thus Si is linearly independent if and only if S 2 = {E2, E3, ipT, f , Vt¥?T} is linearly 
independent. Further, as 

E 2 If, £2 -L V T ^T, £3 If, B 3 1 V T (^T, ipT If, pTl V T <^T, 

and 

£ 2 1 £3 1 <^T, 

it follows that S2 is linearly independent if and only if S3 = {f,VT</?T} is linearly 
independent. But Vt^T = f + Ki(pE2, k>i 7^ 0, and therefore S3 is linearly indepen- 
dent. □ 

Now we can state 

Theorem 3.6. Assume that c 7^ 1 and V-pT _L <pT. We have 

1) If c < —3 then 7 is biharmonic if and only if it is a geodesic. 

2) If c > —3 then 7 is proper-biharmonic if and only if either 

a) n > 2 and 7 is a circle with k\ = ^-P. In this case {E\, E2, ipT,£] are linearly 
independent, 

or 

b) n > 3 and 7 is a helix with k\ + k 2 = ^"jr- In this case {E±, E2, E3,cpT, 
f , VtV^T} are linearly independent. 

Case III: c / 1, E 2 || 99T. 

In this case 7 is proper-biharmonic if and only if 

Ki = constant > 0, k 2 = constant 

K 2 K 3 = 

We can assume that E2 = <~pT ■ Then we have VyT = K1E2 = KitpT, Vt^ = 
Vx^pT = f — KiT. That means £3 = f and k 2 = 1. Hence VtEz = Vrf = — = 
-£ 2 . 
Therefore 

Theorem 3.7. If c ^ 1 and VtT \\ ipT, then {T, </?T, f} is the Frenet frame field of 
7 and we Ziawe 

If c < 1 i/ien 7 is biharmonic if and only if it is a geodesic. 
2) If c > 1 i/ien 7 is proper-biharmonic if and only if it is a helix with k\ = c — 1 
(and k 2 = 1). 

Remark 3.8. If n = 1 then V-pT || 93T and we reobtain Inoguchi's result [13j . 

Case IV: c / 1 and g(E2,(/?T) is not constant 0,1 or —1. 

Assume that 7 is a Legendre Frenet curve of osculating order r, 4 < r < 2n + l, 

n > 2. If 7 is biharmonic it follows that y?T £ spanj^, S3, -B4}. 

Now, we denote /(t) = g(E2,<pT) and differentiating along 7 we obtain 

/'(*) = 5(Vt^2, ¥^T) + g{E 2 ,V T <pT) = g(V T E 2 , ipT) + g{E 2 ^ + k iV ?£ 2 ) 
= g(V T E 2 , ipT) = g(—K\T + k 2 E 3 , <pT) 

= K2g(E 3 ,(pT), 
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Since cpT = g((pT, E 2 )E 2 + g(<pT, E^E^ + g(ipT, E^E^, the curve 7 is proper- 
biharmonic if and only if 



K± = constant > 



c+3 , 3(c-l) 
4 4 



3(c-l) 
4 



fg(<pT,E 3 



k 2 k3 = -^4^- fg((pT,E4) 

Using the expression of f'(t) we see that the third equation of the above system is 
equivalent to 



K 2 



3( c -i; 



where ujq = constant. Replacing in the second equation it follows 

2 c + 3 . 3 ( c ~ 1) f 2 
«i = —4 + g ^ ' 

which implies / = constant. Thus «2 = constant > 0, g(Es,(fT) = and then 
ipT = fE 2 + g{}pT,E±)E±. It follows that there exists an unique constant ao £ 
(0, 27r) \ {f ,7r, ^} such that / = cos ao and g(<^T, E4) = sinao- 
We can state 

Theorem 3.9. Let 1, n > 2 and 7 a Legendre Frenet curve of osculating order 
r > 4 site/t i/iaf g(E 2 , <pT) is not constant 0, 1 or —1. We have 

a) If c < —3 i/ien 7 is biharmonic if and only if it is a geodesic. 

b) If c > —3 then 7 is proper-biharmonic if and only if ipT = cosao-E^ + sinao-E , 4 
and 

K\ = constant > 0, k 2 = constant 

4 + 4 = £±3 + 3(^l) cos 2 ao 

3(c-l) ■ 
^2^3 = — sinzoo 

where ao G (0, 27r) \ {§, vr, 4^} is a constant such that c + 3 + 3(c — 1) cos 2 ao > 
and 3(c — 1) sin 2ao < 0. 

Remark 3.10. In this case we may obtain biharmonic curves which are not helices. 

Remark 3.11. We note that a preliminary version of the full classification of the 
proper-biharmonic Legendre curves in Sasakian space forms was obtained in [10| . 

In the following, we shall choose the unit (2n + l)-dimensional sphere S 2n+1 with 
its canonical and modified Sasakian structures as a model for the complete, simply 
connected Sasakian space form with constant (/j-sectional curvature c > — 3, and we 
will find the explicit equations of biharmonic Legendre curves obtained in the first 
three cases, viewed as curves in 

Theorem 3.12. Let 7 : I — > (S 2n+ , 920, £oj %> 9o)> n>2, be a proper-biharmonic 

Legendre curve parametrized by arc length. Then the equation of 7 in the Euclidean 
E 2n+2 = ( M 2n+2 5 is dther 



space 



j(s) = -j= cos (V2s^J ei + -j= sin (V2s^ e 2 + ^/= e 3 
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where {ei,2ej} are constant unit vectors orthogonal to each other, 

1111 

7(5) = —= cos(As)ei H — -=. wx\As)e 2 H — -=. cos(Bs)e3 H — -=. sin(Ss)e4, 
\/2 v2 y2 v2 

where 

(3.4) A = vTTkT, S = VI - «i, Ki€(0,l), 

and {ej} are constant unit vectors orthogonal to each other, with 

(ei, Je 3 ) = (ei, Je 4 ) = {e 2 ,le 3 ) = (e 2 ,Xe 4 ) = 0, A(e 1) Xe 2 ) + B(e 3 ,le 4: ) = 0. 

Proof. Let us denote by V and by V the Levi-Civita connections on (S 2n+1 , go) an d 
(R 2n + 2 , (,)), respectively. 

First, assume that 7 is the biharmonic circle, that is K\ = 1. From the Gauss and 
Frenet equations we get 

v T r = v T r - (t, r>7 = Ki^ 2 - 7 

and 

V T V T T = (-k 2 - 1)T = -2T, 

which implies 

7 + 2 7 ' = 0. 
The general solution of the above equation is 

7(s) = cos c\ + sin C2 + C 3 , 



where {q} are constant vectors in E 2n+2 . 
Now, as 7 satisfies 

(7,7) = 1, (7,7) = 1, (7,7) = 0, (7', 7") = 0, (7", 7") = 2, (7,7") = -1, 

and since in s = we have 7 = c\ + C3, 7' = V2c 2 , 7" = — 2ci, we obtain 

1 1 1 

Cll + 2ci 3 + C33 = 1, C 2 2 = -, C12 + C23 = 0, C12 = 0, Cn = -, C11 + C13 = -, 

where Cy = (ci,Cj). Further, we get that {c{\ are orthogonal vectors in E 2n+2 with 
|cx| = |c 2 | = |c 3 | 

Finally, using the fact that 7 is a Legendre curve one obtains easily that (cj,Xcj) = 
for any i, j = 1, 2, 3. 

Suppose now 7 is the biharmonic helix, that is k 2 + k 2 , = 1, n\ £ (0, 1). From the 
Gauss and Frenet equations we get 

V T T = V T T - (T, T) 7 = k x E 2 - 7, 

V T V T T = k 1 V t E 2 - T = k 1 (-k 1 T + K 2 E^j - T = - (k 2 + l)T + kik 2 £ 3 
and 

V T V T V T T = -^^+l)v T T+KiK 2 V rJ B3 = -^f+l^VrT-KiK^a = -2 7 "-^7. 
Hence 

7™ + 2 7 " + «27 = 0, 

and its general solution is 

7(5) = cos(As)ci + sin(As)c2 + cos(-Bs)c3 + sin(Bs)c4, 
where A, B are given by (|3.4I) and {q} are constant vectors in E 2n+2 . 
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As 7 satisfies 

(7,7) = 1 , (7,7'} = 1, (7,7'} =0, (7,7") = 0, (7", 7") = 1 + k\, 

( 7) 7"} = -l, (7',7 ,,/ ) = -(l + ^), (7 // ,7 / ")=0, (7,7 ,// ) = 0, (7'", /') = ^\ + 1, 
and since in s = we have 7 = ci + c 3 , 7' = ^4c2 + -BC4, 7" = — j4 2 ci — -B 2 C3, 
7'" = — ^4 3 C2 — -B 3 C4, we obtain 

3.5) en + 2ci 3 + C33 = 1 

3.6) A 2 C 22 + 2.4BC24 + B 2 C44 = 1 

3.7) Ac 12 + Ac 23 + Bc 14 + 5c 34 = 

3.8) A 3 c 12 + AB 2 c 23 + A 2 Bc 14 + B 3 c 34 = 

3.9) A 4 c n + 2A 2 B 2 c 13 + B 4 c 33 = 1 + k\ 

3.10) A 2 c u + (A 2 + B 2 )c 13 + B 2 c 33 = l 

3.11) A A c 22 + (AB 3 + A 3 B)c 24 + B A c 44 = 1 + k\ 

3.12) ^ 5 ci2 + ^ 3 B 2 c 2 3 + A 2 B 3 c u + B 5 c 34 = 

3.13) A 3 c 12 + A 3 c 23 + B 3 c 14 + B 3 c 34 = 

3.14) ^ 6 c 22 + 2A 3 S 3 c 24 + B 6 c 44 = 3kI + 1 

where cy = (q, Cj). Since the determinant of the system given by (|3.7p . (|3.8p . (|3.12|) 
and (|3TT5P is -^ 2 5 2 (A 2 - £ 2 ) 4 ^ it follows that 

C12 = C 2 3 = C14 = C34 = 0. 
The equations (|3"3]1 . ([3UP and (IBTTO]) give 

1 1 

en = -, C13 = 0, c 33 = -, 

and, from (|3TB]) . (ETUI) and (l3TT4"P follows that 

1 1 

C22 = 2' c 24 = 0, c 44 = -. 

Therefore, we obtain that {cj} are orthogonal vectors in E 8 with |ci| = | C2 1 = | C3 1 = 
l C4 l = vV 

Finally, since 7 is a Legendre curve one obtains the conclusion of the Theorem. □ 

Theorem 3.13. Let 7 : I -> (S 2n+1 , <p, £, <q, g), n > 2, a > 0, a ^ I, be a proper - 
biharmonic Legendre curve parametrized by arc length such that g(Vyj',ipj') = 0. 
Then the equation 0/7 in the Euclidean space E 2n+2 ; is either 

7(s) = ± cos (^e! + ± sin ( V| e 2 + -^3 

for n > 2 or, /or n > 3, 

1111 

7(5) = —= cos(As)ei H — = sin(^4s)e2 H — ^= cos(-Bs)e3 H — = sin(.Bs)e4, 
\/2 v2 y2 v2 



3.15 ^4=-\/ V , B = V — , ki€(0,- 

' a V a V a 
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and {ei,2ej} are constant unit vectors orthogonal to each other. 

Proof. Let us denote by V, V and by V the Levi-Civita connections on (§ 2ra+1 ,g), 
(§ 2n+1 , go) and (M 2n + 2 , (, )), respectively. 

First we consider the case when 7 is the biharmonic circle, that is k\ = ^p. Let 
T = 7' be the unit tangent vector field (with respect to the metric g) along 7. Using 
the two Sasakian structures on § 2n+1 we obtain VtT = VtT and VtE 2 = VtE 2 . 

From the Gauss and Frenet equations we get 

V T T = V T T - (T, T) 7 = k x E 2 - -7 

and 

V T V T T = {-k\ - ~)T = —T. 

a a 

Hence 

07"' + 2 7 ' = 0, 

with the general solution 



7(5) = cos (y^ s ) c i + sin (y^ s ) C2 C3 ' 



where {cj} are constant vectors in E 2n+2 . 
As 7 verifies the following equations, 

(7,7) = 1, (Y, Y> = ~, (7, Y) = 0, (Y, Y) = 0, <Y',Y'> = ^, (7,7") = --, 

and in s = we have 7 = ci + C3, 7' = \J\c 2 , 7" = — | ci, one obtains 

1 1 1 

Cll + 2ci 3 + C33 = 1, C 2 2 = -, C12 + C 2 3 = 0, C12 = 0, Cn = -, C11 + C13 = -, 

where Cj,- = (cj,Cj). Consequently, we obtain that {q} are orthogonal vectors in 
E 2n+2 with |d| = |c 2 | = |c 3 | = 

Finally, using the facts that 7 is a Legendre curve and g(Vyj' , <py') = one obtains 
easily that {ci,Tcj) = for any i,j = 1, 2, 3. 

Now we assume that 7 is a biharmonic helix, that is ref + K 2 . = ^jp, re 2 E ^0, 

First we obtain VtT = VtT, VtE2 = VtE 2 and VtE 3 = VtE%. 
From the Gauss and Frenet equations we get 

V T T = V T T - (T, T>7 = k x E 2 - -7, 

a 

V T V T T = k x V t E 2 — —T = ki( — K\T + K2S3) - -T = - ( k\ + ~)t + k iK2 E 3 , 
a V / a V a/ 

and 



V T V T V T T =-\k* + ljV T T + k iK 2V t E 3 = -(k? + \jV T T - Kl n 2 2 E 2 



■b" ~ Hi- 



Therefore 



07™ + 2 7 " + K 2 2l = 0, 



and its general solution is 

7(s) = cos(As)ci + sin(j4s)c2 + cos(-Bs)c3 + sin(5s)c4, 
where A, B are given by (|3.15j) and {c{\ are constant vectors in E 2n+2 . 
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The curve 7 satisfies 



(7,7) = 1, <7',7'> = -, (7,7') = 0, (7', 7") = 0, (7", l") = 

(7 ! 7") = -- J (Y»Y") = - 1+ J Kl > (7 // ,7 / ") = 0, (7,7'") =0, 

/ /// ni\ 3a,K 2 + 1 
(7,7) = —^—, 

and in s = we have 

7 = ci + c 3 , -y' = Ac 2 + Bc 4 , 7" = -A 2 Cl - B 2 c 3 , 7'" = -A 3 c 2 - B 3 c 4 . 
Then, it follows 

3.16) en + 2ci 3 + c 33 = 1 

3.17) A 2 c 22 + 2ABc 2 a + B 2 c 4 a = - 

a 

3.18) Ac 12 + Ac 23 + Bc 14 + #c 34 = 

3.19) A 3 c 12 + AB 2 c 23 + A 2 Bc u + B 3 c u = 

1 + an 2 



3.20) A^cn + 2^5^13 + S 4 c 33 



a 2 



3.21) A 2 cn + (A 2 + S 2 )ci3 + B 2 c 33 = - 

a 

3.22) A A c 22 + (AB 3 + A 3 5)c 24 + £? 4 c 44 = l±^!% 

3.23) A 5 ci2 + A 3 B 2 c 23 + A 2 B 3 ci4 + B 5 c u = 

3.24) A 3 ci2 + ^ 3 c 23 + B 3 c 14 + B 3 c 34 = 



3.25) A 6 c 22 + 2 A 3 5 3 c 24 + B 6 c 44 

a 



3anl + 1 
3 



where Cjj = (ci,Cj). 

The solution of the system given by (|37[8jh ([5713]) . (|3723j) and (|3724"j) is 

C12 = C23 = C14 = C34 = 0. 
From equations ([37T6]) . ([3T20]) and (|372"T|) we get 

1 1 

en = -, C13 = 0, c 33 = -, 

and, from Q5T7D , ([BT^ . (|3725]) . 

1 1 

C22 = 2' c 24 = 0, c 44 = -. 

We obtain that {cj} are orthogonal vectors in E 8 with |ci| = \c 2 \ = \c 3 \ = \c 4 \ = 

Finally, since 7 is a Legendre curve and g(Vyj' , ^57') = 0, one obtains the conclusion. 

□ 

Just like for § 3 (see |11| ) one obtains for § 2n+1 endowed with the modified Sasakian 
structure, with < a < 1 (that means c > 1), the following result. 
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Theorem 3.14. Let 7 : L — > (§ 2n+1 , <p, £, 77, a) 6e a biharmonic Legendre curve 
parametrized by its arc length such that Vy7' = \/c — l^ry'. T/ien i/te equation 0/7 
in i/ie Euclidean space E 2n+2 zs 

= y3B-cos(^s)ei - y^sin(^s)Tei 
+ \f^B cos{Bs)e 3 + sin(-B«)^e 3 



'^q^ exp(-L4s)ei + y' exp(i£s)e 3 , 
where {e^} are constant unit orthogonal vectors in E 2n+2 and 



{3 26) ^ / 3-2a-2V( Q -l)(a-2) ) £ _ / 3 - 2a + 2V(a - l)(a - 2) ^ 

Remark 3.15. The ODE satisfied by proper-biharmonic Legendre curves in the 
(2n + l)-sphere, in the fourth case, may be also obtained but the computations are 
rather complicated. 

4. Biharmonic submanifolds in Sasakian space forms 

A method to obtain biharmonic submanifolds in a Sasakian space form is provided 
by the following Theorem. 

Theorem 4.1. Let (iV 2n+1 , (/?,£, 77, g) be a strictly regular Sasakian space form with 
constant ip-sectional curvature c and let i : M — > N be an r-dimensional integral 
submanifold of N. Consider 

F :M = L x M N, F(t,p) = Mp) = M*)* 
where L = S 1 or I = M and {(f>t}teR is the flow of the vector field £. Then F : 
(M,g = dt 2 + i*g) N is a Riemannian immersion and it is proper-biharmonic if 
and only if M is a proper-biharmonic submanifold of N. 

Proof. From the definition of the flow of £ we have 

dF(t, P )^) = ±\ s=t {4> p ( s )} = Mt) = z(Mt)) = tm,p)), 

i.e. is F-correlated to £ and 



dF(t,p)(l)\ = \t(F(t,p))\ 



1 



d_ 

di 



The vector X p G T p M can be identified to (0,X P ) G T^ p )(I x M), for any t' G /, 
and we have 

dF (t)P) (X p ) = (dF) (tiP) ( 7 (0)) = A| S=0 {^( 7 ( S ))} = (# t ) P W 

Since 4>t is an isometry, we have \dF^ t ^{X p )\ = \(dcf)t)p(X p )\ = \X p \. 
Moreover, 

9(dF (t ^),dF {ttp) (X p )) =g(^ p m(d4>t) P (X p )) 

= g((d(f>t)p(tp), (d(f> t ) p (X p )) = g{£ p ,X p ) 
= 0, 
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so F : (I x M, dt 2 + i*g) —> N is a Riemannian immersion. 

Let F _1 (TN) be the pull-back bundle over M and V F the pull-back connection 
determined by the Levi-Civita connection on 7V. We shall prove that 

r{F)(t, P ) = and T 2 (F) (tiP) = (#t) p (r 2 (i)), 

so, from the point of view of harmonicity and biharmonicity, M and M have the 
same behaviour. 

We start with two remarks. Let a G F~ 1 (TiV) defined by 07 tjP ) = (d(/>t)p(Z p ), 
where Z is a vector field along M, that is Z p G TpiV, G M. We have 

(4.1) (V£a) (t , p) = (#i) p (V^Z), G C(TM). 

Then, if a G F'^TN), it follows that ^ G F'^TN), (w)(t, P ) = <P M t)(°(t,p)), 
and 

(4.2) V^yxr = v^Via. 

at at 

Now, we consider {X\, ...,X r } a local orthonormal frame field on U, where U is an 
open subset of M. The tension field of F is given by 

r(F) = VjdF(|) - ^(V||) + £{V£„dF(Jr a ) - dF(V? B X«)}. 

a=l 

As 

v F 9 ^(|)=vfe = o, v?| = v' 9 | = o, 

at vot/ ? st at at at 

(V£ o dF(X )) (t)P) = (# t ) p (VlX a ), dF (t>p) (V? o X a ) = (# t ) p (Vf a X a ) 
we obtain 

= (#t) P (r(i)). 

The next step is to prove that r(F) = —<p(r(F)). Since [Jj, X ] = 0, a = 1, r, 

at 

Vjtf(A.) = v£.tf(|). 

But 

( v l dF (f )) (iiP) = ^ )X j = vfa )pX j = -<p{im P {x a )) 

= -(d</>t) P (<pX a ), 

so 

(4.3) (v F ^dF(X a )) =-{d<t> t ) p (<pX a ). 

V at / (t,p) 

We note that 

W-,X a W(X a ) = Viv£ a dF(X a ) - V^VidF(X a ) 
and, on the other hand 

(R F (^ t ,X a )dF{X a ))^ = R N Mp) (^ (d<p t ) p (X a ))(d<p t ) p (X a ) = C 
Therefore 

(4.4) V^JFiXa) - V^yUFiXa) = £ 
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From (|4TT]) and (|Pj) we get 



(4.5) 



ai I (t,p) 

= -(#t) P (e+^x a 



and from f|4.3|) 

' N "/-' ,7i.\ V-W \- \\ - .. /V/'' ,7i.VV".W 

(4.6) 



VidF(V^X a ) =(Vi«iF(V^ a ) 

et / (i,p) V at / (t,p) 



= -(# t ) p (^vf a x a ). 

Replacing (|4.5p and (j4.6j) in (|4.4p . we obtain 
£ = ViV£dF(JC a )-VidF(vf a X a ) + VidF(vgx a )-V^ o VidF(X a ) 

St Si St St 

= ViVdF(X a ,X a ) - (# t ) p (^Vf o X a ) + + ¥>V£X a ), 

St 

so 

(viV^ a dF(X a )) = -<p(d(f> t ) p (Vdi(X a ,X a )), 

\ St / (t,p) 

As X7dF(X a , X a ) = 0, we obtain 

Vir(F) = -p(r(F)). 

St 

From (14. 2p we have 

ViVir(F) = -Vi^(r(F)) = -^Vir(F) = ^r(F) 

^, St St St St 

= -r(n 

and from (|4.ip 

(4.8) (VS.VS.T(F))( t , p) = (#,) p (VlvlT(i)), 

(4-9) ( V v?„x/( J? )) ( « J , ) = ( * ) ''( V "-.-- T<1) )' 

From (HTTJ), P~8]) and ([49]) we obtain 

(4-10) - (A F r(F)) (tiP) = -r(F) (tjP) - (# i ) p (A i r(i)). 

After a straightforward computation we get 

(4.11) trace R F (dF,T(F))dF = -t(F) + (d&) p (trace i?^ (cfl, r(i))di). 

Finally, from (|4.10p and (|4.1ip we obtain 

T2(^)(t,p) = (# t ) p (T 2 (i)). 



□ 

Remark 4.2. The previous result was expected because of the following simple 
remark. Assume that (N 2n+1 ,(p,S,,rj,g) is a compact strictly regular Sasakian space 
form with constant (^-sectional curvature c and let G : M — > A" be an arbitrary 
smooth map from a compact Riemannian manifold M. If -F is biharmonic, then the 
map G is biharmonic, where F : M = S 1 x M — ► A, F(t,p) = (f>t(G(p)). 
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Indeed, an arbitrary variation {G s } s of G induces a variation {-F s } s of F. We have 
that T( p .t)(-F s ) = (d(/)t)G s (p)(Tp(G s )) and, from the biharmonicity of F and the Fubini 
Theorem, we get 

= ±\ S=0 {E 2 (F S )} = ~\ S=0 [\t(F s )\ 2 v-=1±\ 8=q [ \t(G s )\ 2 v 



ds'° UL * K ° /J 2ds'° " Jm' v 9 2 ds s J M s 9 

= n^\ s=0 {E 2 (G s )}. 

Next, consider the unit (2n+l)-dimensional sphere S 2n+1 endowed with its canon- 
ical or modified Sasakian structure. The flow of £ is <ftt{z) = exp(— i^)z, where 

z = (z\...,z n+1 ) = (x 1 ,...,x n+1 ,y 1 ,...,y n+1 ). 

From the above expression of the flow and from Theorems 13.141 13.131 13.121 and 14.11 
we obtain explicit examples of proper-biharmonic submanifolds in (§ 2n+1 , ip, £, 77, g), 
a > 0, of constant mean curvature. In particular, we reobtain a result in [1] and, for 
n = 1, the result in [llj. 

Proposition 4.3 QlJ). Let F : M S 5 C M 6 be a proper-biharmonic anti-invariant 
immersion. Then the position vector of M in M 6 is 

F(t,u,v) = - (exp(m), iexp(— in) sm(V2v), iexp(— in) cos(v / 2f )). 

v2 

Proof. It was proved in [T7| that the proper-biharmonic integral surface of (§ 5 , 
<Po,£o,Vo, 9o) is given by 

f(u,v) = — — (exp(m), iexp(— in) sin V2v, iexp(— iu) cos\/2f). 
a/2 

Now, composing with the flow of £0 we reobtain the result in [I]. □ 

Proposition 4.4 ([H]). Let M be a surface in (S 2n+1 , <p,£, g, g) with a 6 (0,1), 
with the position vector in the Euclidean space E 2n+2 given by 



F(t, s) = exp ( - i^) (J ^ exp(-L4s)ei + J exp(LBs)e 3 ) , 

where { 61,63} is an orthonormal system of constant vectors in the Euclidean space 
(M 2n+2 , (,)), with e?j orthogonal to T&\ and A, B are given by 113.26)) . 
Then M is a proper-biharmonic surface in S 2n+1 (c). 

5. Proper-biharmonic submanifolds of (§ 7 ,<7o) 

We consider the Euclidean space E 8 with three complex structures, 

/ I 2 \ 
-I 2 



JC = -IJ, 



I 2 
\ -L 2 J 

where L n denotes the n x n identity matrix. We define three vector fields on S by 

S 1 = -Tz, & = ~Jz, & = -ICz, zeS 7 , 

and consider their dual 1-forms g% = go, g 2 , 773. Let (p a defined by 

fx = <fo = s o J, ip 2 = soJ, ip 3 = s o K. 

Then ((p a , £ , g a ,go), a = 1,2,3, determine a Sasakian 3-structure on § 7 . 
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Now, we shall indicate a method to construct proper-biharmonic submanifolds in 
(§ , <7o)- We consider 7 = 7(5) a proper-biharmonic curve in (§ 7 ,go)i parametrized 
by arc-length, which is a Legendre curve for two of the three contact structures (it 
was proved in |9) that there is no proper-biharmonic curve which is Legendre with 
respect to all three contact structures on S 7 ). For example, assume that 7 is a 
Legendre curve for rji and 772 - Composing with the flow of £1 (or £2) we obtain a 
biharmonic surface which is Legendre with respect to 772 (or rji). Then, composing 
with the flow of £2 (or £1) we get a biharmonic 3-dimensional submanifold of (§ 7 , go). 
Using this method, from Theorems 13.121 and 14, 1\ we obtain 4 classes of proper- 
biharmonic surfaces in (§ 7 ,go) an d 4 classes of proper-biharmonic 3-dimensional 
submanifolds of (§ 7 ,go), all of constant mean curvature. 

For example, from Theorems 13.121 and I4.lt composing first with the flow of £1 and 
then with that of £2, we get the explicit parametric equations of proper-biharmonic 
3-dimensional submanifolds of (§ 7 ,go). 

Proposition 5.1. Let M be a 3-dimensional submanifold in § 7 such that its position 
vector field in E 8 is either 

xi = xi(u,i,s) 

= ^= ^ cos(ii) cos(\/2s) cos(i)ei + cos(u) sin(\/2s) cos(t)e2 

+ cos(u) cos(t)e3 — cos(w) cos(y/2s) sin(t)Xei 

— cos(tt) sin(\/2s) sin(t)Xe2 — cos(u) sin(t)Ze3 

— sin(u) cos(\/2s) cos(t)Je\ — sin(it) sin(\/2s) cos(t)Je2 

— sin(u) cos(t)j7"e3 — sin(u) cos(\/2s) sm(t)K,e\ 

— sin(«) sin(\/2s) sin(i)/Ce2 — sin(ii) sin(i)/Ce3^ , 

where {e.j,Xe,-}, \e.%,Je.j\ are systems of constant orthonormal vectors in E 8 ; or 

x 2 = x 2 (u,i,s) 

= -i= ^ cos(-u) cos(As) cos(t)ei + cos(u) sin(As) cos(i)e2 

+ cos(it) cos(Bs) cos(t)e3 + cos(u) sin(Bs) cos(i)e4 

— cos(tt) cos(As) sin(t)Tei — cos(it) sin(^4s) sin(i)Ze2 

— cos(w) cos(-Bs) sin(t)Te3 — cos(w) sin(Bs) sin(i)Ze4 

— sin(it) cos(^4s) cos(i)i7ei — sin(u) sin(yls) cos(t) l 7e2 

— sin(it) cos(-Bs) cos(t)i7e3 — sin(u) sm(Bs) cos(t)j7"e4 

— sin(ti) cos(^4s) sin(t)Ke% — sin(it) sin(^4s) sin(i)/Ce2 

— sin(ti) cos(-Bs) sin(t)ICe^ — sin(ii) sin(Bs) sin(i)/Ce4 
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where 

A = \/l + ki, B = y/1 — ki, K\ = constant € (0, 1), 
and {e{\ are constant orthonormal vectors in E 8 such that 

(ei, Je 3 ) = (ei, Je 4 ) = (e 2 ,Ze 3 ) = (e 2 ,Ze 4 ) = 0, 

{ei,Je 3 ) = (ei,Je 4 ) = {e 2 ,Je 3 ) = (e 2 ,Je±) = 0, 

and 

A{e u le 2 ) + B{e 3 , Je 4 ) = A(e u Je 2 ) + B{e 3 ,Je 4 ) = 0. 
Then M is a proper- biharmonic submanifold of (§ 7 ,go). 

Proof. As the flows of £i and £2 are given by 

4>\{z) = (cos t)z — (sint)Xz, 4>t( z ) = (cos t)z — (sint)J'z, 
the Proposition follows by a straightforward computation. 

□ 

Remark 5.2. Note that there exist vectors {ei} which satisfy the hypotheses of the 
previous Proposition. For example the first three or four vectors, respectively, from 
the canonical basis of E 8 satisfy the required properties. 
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